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Abstract In this work we take a formal approach to the problem of decoupling
Proca equations in curved space-times. We use Newman-Penrose (NP) two-
spinor formalism to represent the Proca vector by one complex and two real
scalars. We show that a decoupled second order differential equation for one of
the real scalars can be derived if and only if the background space-time admits
a covariantly constant null vector. Thus, the background space-time must be
a pp-wave vacuum. We evaluate the separability of Proca, Maxwell and Dirac
equations on the resulting pp-wave background.
Keywords Proca field · pp-wave space-times · Maxwell field · Dirac field
1 Introduction
Wave equations representing massive and massless fields in curved space-times
have been extensively studied since 1970’s. The solutions describing the prop-
agation of fields are required in various problems including –but not limited
to– black hole stability, Hawking radiation and scattering and absorption of
test fields. In an analytic approach it is essential to decouple individual de-
grees of freedom and achieve separation of variables, so that the system can
be reduced to a set of decoupled ordinary differential equations. In that con-
text, massive scalar field equation in Kerr background was first separated by
Matzner [1]. Unruh decoupled and separated massless Dirac equation in Kerr
background [2]. Teukolsky decoupled massless field equations for scalar, neu-
trino, electromagnetic, and gravitational fields and derived a separable master
equation parametrized to represent each case [3]. Chandrasekhar decoupled
and separated massive Dirac equation in Kerr background [4]. Page decoupled
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and separated Dirac equation in Kerr-Newman background which represents
a charged, rotating black hole [5]. The wave equation of a massive real scalar
field was also separated in Kerr-Newman background [6]. The wave equation
representing Rarita-Schwinger field (spin 3/2) was decoupled and separated
by Gu¨ven in Kerr background [7], later this was generalised to Kerr-Newman
space-time [8]. Separation of variables for the equation of a complex massive
scalar field in Kerr-Newman background was also studied [9]. This was gen-
eralised to the case of dyonic black holes which can have magnetic charge,
by Semiz [10]. Massive complex Dirac equation in dyonic Kerr-Newman back-
ground was also decoupled and separated by Semiz [11].
It turns out that the equations describing all massive and massless fields
can be decoupled and separated in Kerr background except massive spin 1
or Proca field. The longitudinal degree of freedom acquired by spin 1 field
when the mass term is introduced, prevents the full decoupling of different
components of the field in black hole space-times. For that reason authors
have recently employed numerical techniques to solve separable but coupled
wave equations for massive vector fields in Schwarzschild background [12,13],
where one degree of freedom can be decoupled only.
In this paper we take a formal approach to study the problem of decoupling
the Proca equation. Using Newman Penrose (NP) two spinor formalism [14],
we derive the conditions that should be satisfied by space-times, to enable the
decoupling of Proca equation; and outline the treatment of Dirac, Maxwell
and Proca fields in this context.
1.1 Vectors and spinors
Let (o, ι) be a spin-basis for a two dimensional vector space S over complex
numbers C, endowed with a symplectic structure ǫAB = −ǫBA. The condition
that (o, ι) is a spin basis for S gives
ǫABo
AoB = ǫABι
AιB = 0
ǫABo
AιB = 1
(1)
Every spin basis induces a tetrad of null vectors.
la = oAo¯A
′
na = ιA ι¯A
′
ma = oAι¯A
′
m¯a = ιAo¯A
′
(2)
l and n are real while m and m¯ are complex (conjugates). The NP null tetrad
satisfies orthogonality relations
lan
a = nal
a = −mam¯a = −m¯ama = 1
lam
a = lam¯
a = nam
a = nam¯
a = 0 (3)
A hermitian spinor Θ is defined to be one for which Θ¯ = Θ. For this to
make sense Θ must have as many primed as unprimed indices and relative
positions of the unprimed indices must be the same as the relative positions of
the primed ones. Hermitian spinors can be identified with the tangent space
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(at a point) of a 4 dimensional manifold M . The simplest example is ΘAA
′
.
There exist scalars ξ, η, ζ such that
ΘAA
′
= ξoAo¯A
′
+ ηiAi¯A
′
+ ζ¯oA i¯A
′
+ ζiAo¯A
′
(4)
As a consequence of the requirement that ΘAA
′
is hermitian, ξ and η real.
Thus, the set of hermitian spinors forms a real vector space of dimension 4. In
spinor analysis we identify this with Tp(M), the tangent space at a point in a
4-manifold M . Similarly the set of hermitian spinors ΘAA′ forms a real vector
space dual to the one above, which will form the cotangent space T ∗p (M).
This identification, –which is denoted by relabelling AA′ 7→ a– enables the
expression of tensors in the language of spinors (see e.g. [15,16]).
1.2 The spinor covariant derivative
The spinor covariant derivative is defined axiomatically as a map ∇a = ∇AA′ :
θ... 7→ θ...;AA′, where θ is any spinor field. In the NP formalism, derivatives
are projected onto the null tetrad, hence conventional symbols are defined for
those projections,
D = la∇a, ∆ = na∇a, δ = ma∇a, δ¯ = m¯a∇a (5)
and ∇a can be expressed as a linear combination of these operators:
∇a = g ba ∇b
= (nal
b + lan
b − m¯amb −mam¯b)∇b
= naD + la∆− m¯aδ −maδ¯ (6)
One can replace ∇a by (6) and contract with the NP vectors to convert all
tensor equations ultimately to sets of scalar ones. Although this usually leads
to a vast set of equations the fact that only scalars are involved and that most
problems involve discrete symmetries makes them easier to handle. Evaluation
of the derivatives requires evaluation of the derivative operators acting on basis
spinors, hence we need to define the NP spin coefficients
DoA = ǫoA − κιA DιA = πoA − ǫιA
∆oA = γoA − τιA ∆ιA = νoA − γιA
δoA = βoA − σιA διA = µoA − βιA
δ¯oA = αoA − ριA δ¯ιA = λoA − αιA
(7)
From (7) one directly reads that oADoA = κ, o
ADiA = ǫ and so on, which is an
alternative wave of defining NP spin coefficients. The action of the derivative
operators on the null vectors follow from (2) and (7).
Dl = (ǫ+ ǫ¯)l − κ¯m− κm¯ Dn = −(ǫ+ ǫ¯)n+ πm+ π¯m¯ Dm = π¯l − κn+ (ǫ− ǫ¯)m
∆l = (γ + γ¯)l − τ¯m− τm¯ ∆n = −(γ + γ¯)n+ νm+ ν¯m¯ ∆m = ν¯l − τn+ (γ − γ¯)m
δl = (α¯+ β)l − ρ¯m− σm¯ δn = −(α¯+ β)n+ µm+ λ¯m¯ δm = λ¯l − σn+ (β − α¯)m
δ¯m = µ¯l− ρn+ (α− β¯)m
(8)
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Since we are only dealing with scalars for any NP quantitiy φ, ∇[a∇b]φ = 0.
This leads to commutation relation for NP derivative operators.
(δD −Dδ)ψ = [(α¯ + β − π¯)D + κ∆− (ρ¯+ ǫ− ǫ¯)δ − σδ¯]ψ
(∆D −D∆)ψ = [(γ + γ¯)D + (ǫ + ǫ¯)∆− (τ¯ + π)δ − (τ + π¯)δ¯]ψ
(δ∆−∆δ)ψ = [−ν¯D + (τ − α¯− β)∆+ (µ− γ + γ¯)δ + λ¯δ¯]ψ
(δ¯δ − δδ¯)ψ = [(µ¯− µ)D + (ρ¯− ρ)∆+ (α− β¯)δ − (α¯− β)δ¯]ψ (9)
2 Proca fields
Proca equations describe massive vector fields. The Proca bivector fµν is de-
fined in terms of the vector potential Aν by fµν = ∇µAν − ∇νAµ. The field
equations are simply
∇µfµν +m2Aν = 0 (10)
where m is the mass term. There is no gauge freedom in Proca theory. The
Lorentz condition ∇µAµ = 0 is a consequence of the field equations. In Ricci
flat space-times (Rµν = 0) the Proca equation reduces to the massive wave
equation
∇b∇bAa +m2Aa = 0 (11)
In NP formalism ∇b is given by (6), and by means of (4) the vector field can
be expressed in the form:
Aa = ξla + ηna + ζ¯ma + ζm¯a (12)
The Proca equation (11) consists of four equations which can be derived by
multiplying it (from the left) with la, na, ma, and m¯a, respectively. Let us
check if one can obtain a decoupled equation.
Proposition 1 The Proca equation can be decoupled for one of the real scalars
if and only if the background space-time contains a covariantly constant null
vector.
Proof As we see in (8) the components of the directional derivatives of la
in the direction of na vanish in general. If one requires that the directional
derivatives of ma and m¯a in the direction of na also vanish, one can obtain a
decoupled equation for η, since in that case, terms proportional to ζna or ξna
will not occur in the explicit form of the first Proca equation. Now, consider
a space-time that contains a covariantly constant null vector ∇l = 0⇒ Dl =
∆l = δl = 0. This implies κ = σ = ρ = τ = 0. Using (8) one can also show
that (ǫ+ ǫ¯) = (γ + γ¯) = (α¯+ β) = 0, which will simplify the problem to some
extent. The directional derivatives of n and m are now given by
Dn = πm+ π¯m¯ Dm = π¯l + 2ǫm
∆n = νm+ ν¯m¯ ∆m = ν¯l + 2γm
δn = µm+ λ¯m¯ δm = λ¯− 2α¯m
δ¯n = µ¯m¯+ λm δ¯m = µ¯l + 2αm
(13)
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Now we multiply the Proca equation (11) from the left with la to obtain a
decoupled second order differential equation for η.
la(∇b∇bAa + m2Aa) = [D∆+∆D − δδ¯ − δ¯δ
+ (µ+ µ¯)D + (2α− π)δ + (2α¯− π¯)δ¯ +m2]η = 0 (14)
(14) proves that decoupled equation for η can be found if κ = τ = σ = ρ = 0.
Conversely, let us assume that one of the spin coefficients κ, τ , σ, ρ does not
vanish. Then the derivatives of the terms ζ¯ma and ζm¯a will produce terms
proportional to ζ¯na and ζna. When we multiply the Proca equation from the
left with la, the resulting equation couples η and ζ. Thus decoupling is not
possible.
Now let us choose a spin basis (o, ι) such that the covariantly constant null
vector corresponds to na. In that case ∇na = 0, and the directional derivatives
of the null vectors ma and m¯a have no components in the direction of la since
π = ν = λ = µ = 0. In that case, one can multiply the Proca equation from
the left with na to derive a decoupled equation for the other real scalar ξ.
na(∇b∇bAa + m2Aa) = [D∆+∆D − δδ¯ − δ¯δ
− (ρ+ ρ¯)∆+ (2α+ τ)δ¯ + (2α¯+ τ¯ )δ +m2]ξ = 0 (15)
By the same argument (15) will include ζ terms if at least one of the spin
coefficients π, ν, λ, µ does not vanish.
In (12) we have considered the decomposition of the Proca vector over the
NP tetrad. Let us also consider the decoupling problem for the Proca equation
with respect to the components of the Proca vector in an orthonormal basis.
Corollary 1 Let Aiˆ (i = 0, 1, 2, 3) be the components of the Proca vector Aa
in the orthonormal basis eiˆ, and l, n,m, m¯ be the null vectors which constitute
the corresponding null tetrad. Then a decoupled equation for (A0ˆ −A3ˆ) can be
derived if ∇l = 0, and a decoupled equation for (A0ˆ + A3ˆ) can be derived if
∇n = 0.
Proof The Proca vector is given by
Aa = A0ˆe a
0ˆ
+A1ˆe a
1ˆ
+A2ˆe a
2ˆ
+A3ˆe a
3ˆ
(16)
The orthonormal tetrad and the NP tetrad are related by (see e.g. [15])
e0ˆ = (1/
√
2)(l + n) e1ˆ = (1/
√
2)(m+ m¯)
e2ˆ = (1/
√
2)i(m− m¯) e0ˆ = (1/
√
2)(l − n) (17)
Using (17), one can compare (12) and (16) to see that ξ = (A0ˆ + A3ˆ), η =
(A0ˆ −A3ˆ), ζ¯ = (A1ˆ + iA2ˆ), and ζ = (A1ˆ − iA2ˆ). Then the result follows from
proposition (1).
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The explicit forms of the equations na(∇b∇bAa+m2Aa) = 0,ma(∇b∇bAa+
m2Aa) = 0, and m¯a(∇b∇bAa + +m2Aa) = 0 are given in appendix. The
equation ma(∇b∇bAa +m2Aa) = 0 couples η and ζ, and its complex conju-
gate m¯a(∇b∇bAa +m2Aa) = 0 couples η and ζ¯. The equation na(∇b∇bAa +
m2Aa) = 0 couples ξ, η, and ζ. In principle, one can obtain a solution for η
from (14) and substitute it into the equation ma(∇b∇bAa + m2Aa) = 0 to
derive a decoupled equation for ζ. Finally the solutions for η and ζ can be
substituted into the equation na(∇b∇bAa +m2Aa) = 0 to derive a decoupled
equation for ξ. Thus, a complete solution for Proca equation can –in principle–
be found via a solution for (14) in a space-time that contains a covariantly
constant vector field.
The space-times that contain a covariantly constant vector field are known
as pp-wave space-times. These are exact solutions to Einstein’s field equations
compatible with radiation associated with a classical massless field, and they
are everywhere of Petrov type N [17] (see e.g. [15]). In all space-times of type
N the repeated principal null direction generates a geodesic, shear free null
congruence (κ = σ = 0), however all type N space-times do not contain a
covariantly constant null vector. Decouplings (14) and (15) are only possible
in pp-wave space-times. They cannot be achieved in type N space-times other
than pp-waves, that do not contain a covariantly constant null vector, or in
algebraically special space-times of different types (including type D space-
times such as Schwarzschild and Kerr), or in algebraically general space-times.
The pp-wave metrics have been widely studied both in the context of
super-gravity and string theory since they constitute a convenient classical
background and a simple toy model with vanishing curvature invariants, yet
a rich internal structure. (see [18,19,20,21,22,23,24,25,26,27,28,29,30,31,32,
33,34] and references therein) Plane wave metrics are subsets of pp-waves with
extra planar symmetry along the wave fronts. The interest in plane waves has
remarkably increased since Penrose discovered that one can associate a plane
wave metric to every space-time and a choice of null geodesic in that space-
time [35]. This property is known as the Penrose limit, and was later extended
to different string theories by Gu¨ven [36,37].
Ehlers and Kundt [38] showed that if a vacuum space-time contains a
covariantly constant vector field (i.e. if it is a pp-wave vacuum), coordinates
(u, v, x, y) can be found so that the line element is given by (also see [15])
ds2 = 2H(u, x, y)du2 + 2dudv − dx2 − dy2 (18)
The NP tetrad for (18) is given by
la = (0, 1, 0, 0), na = (1,−H, 0, 0, ), ma = −2−1/2(0, 0, 1, i) (19)
The NP derivative operators have the form
D = ∂/∂v ∆ = ∂/∂u−H∂/∂v
δ = (−1/√2)(∂/∂x+ i∂/∂y) δ¯ = (−1/√2)(∂/∂x− i∂/∂y) (20)
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The only non-vanishing NP spin coefficient for pp-wave vacuum space-time
(18) is ν. The proca equations reduce to
[D∆+∆D − δδ¯ − δ¯δ +m2]η = 0 (21)
[D∆+∆D − δδ¯ − δ¯δ +m2]ξ + {[2νD +D(ν)]ζ + c.c.} = 0 (22)
[δδ¯ + δ¯δ −D∆−∆D −m2]ζ −D(ην¯)− ν¯Dη = 0 (23)
[δδ¯ + δ¯δ −D∆−∆D −m2]ζ¯ −D(η¯ν)− νDη¯ = 0 (24)
Since the only non-vanishing spin coefficient is ν, all the commutators except
(δ,∆) vanish.
(D∆)φ = (∆D)φ =
∂2φ
∂u∂v
−H∂
2φ
∂v2
(δδ¯)φ = (δ¯δ)φ =
1
2
(
∂2φ
∂x2
+
∂2φ
∂y2
)
(25)
Having D∆ = ∆D and δδ¯ = δ¯δ, the decoupled equation for η can be written
as [2(D∆− δδ¯) +m2]η = 0. Letting m = √2µ) it takes the form
(
∂2
∂u∂v
−H ∂
2
∂v2
− 1
2
∂2
∂x2
− 1
2
∂2
∂y2
+ µ2
)
η = 0 (26)
The separability of the decoupled equation (26) depends on the explicit form
H = H(u, x, y). Let us consider a simple textbook example of a sandwich wave
with H = (1/2)f(u)(x2− y2) [39] (also see [15] ) such that f(u) is constant in
the interval (u0, u1), and vanishes outside. Note that ∂/∂v is a Killing vector
impose separation of variables in the form η = eikvU(u)X(x)Y (y). (26) takes
the form
ik
(U
′
)
U
+ k2x2 − 1
2
X
′′
X
− k2y2 − 1
2
Y
′′
Y
+ µ2 = 0 (27)
where a prime denotes the derivatives of the functions with respect to relevant
variables. The separated equations for the functions U,X, Y are given by
ikU
′ − (λu − µ2)U = 0 (28)
X
′′ − 2(k2x2 + λx)X = 0 (29)
Y
′′
+ 2(k2y2 + λy)Y = 0 (30)
The functions have the form
U = e−iu(λ−µ
2)/k
X = C1Dv1(k1x) + C2Dv2(ik1x)
Y = C3Dv3((1 + i)k2y) + C4Dv4((−1 + i)k2y)
(31)
where k1 = 2
3/4
√
k, k2 = 2
1/4
√
k, and Dv(x) are parabolic cylinder functions.
(see [40])
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3 Electromagnetic fields
In this section we evaluate electromagnetic fields in pp-wave background. Let
us start with the spinor equivalent of the Maxwell tensor in NP formalism.
FABA′B′ = φABǫA′B′ + ǫABφ¯A′B′ (32)
where φAB is a symmetric valence 2 spinor which generates 3 complex scalars
via
φ0 = φABo
AoB , φ1 = φABo
AιB, φ2 = φABι
AιB (33)
The explicit forms of the source-free Maxwell equations in terms of electro-
magnetic scalars are as follows:
(D − 2ρ)φ1 − (δ¯ + π − 2α)φ0 + κφ2 = 0 (34)
(D − ρ+ 2ǫ)φ2 − (δ¯ + 2π)φ1 + λφ0 = 0 (35)
(δ − 2τ)φ1 − (∆+ µ− 2γ)φ0 − σφ2 = 0 (36)
(δ − τ + 2β)φ2 − (∆+ 2µ)φ1 − νφ0 = 0 (37)
First we require that the background space-time contains a covariantly con-
stant null vector ∇l = 0 so that (κ = τ = σ = ρ = 0). (34) and (36) reduce
to
Dφ1 − δ¯φ0 = (π − 2α)φ0 (38)
∆φ0 − δφ1 = (2γ − µ)φ0 (39)
Let us act on (38) with δ, and on (39) with D from the left.
(δD −Dδ)φ1 +D∆φ0 − δδ¯φ0 = δ[(π − 2α)φ0] +D[(2γ − µ)φ0] (40)
In that background the commutation relation for δ and D acting on a scalar
is also reduced to
(δD −Dδ)φ1 = [−π¯D − (ǫ − ǫ¯)δ]φ1 (41)
From Maxwell equations (38) and (39) we have Dφ1 = [δ¯ + (π − 2α)]φ0 and
δφ1 = [∆− (2γ−µ)]φ0. Thus, using (41) with (38) and (39) we can transform
(40) to a decoupled second order equation for φ0
{D∆− δδ¯ − π¯[δ¯ + (π − 2α)]− (ǫ− ǫ¯)[∆− (2γ − µ)]}φ0
−δ[(π − 2α)φ0]−D[(2γ − µ)φ0] = 0 (42)
In pp-wave vacuum space-time (18) where the only non-vanishing NP scalar
is ν,1 the decoupled equation (42) is reduced to
(D∆− δδ¯)φ0 = 0 (43)
1 One can apply a null rotation around l and the spin coefficients µ, λ, and pi can attain
non-zero values. In that case (42) remains valid. Such a transformation is possible, though
it may not be useful.
Dirac Maxwell and Proca fields on pp-wave spacetimes 9
Relatively simple, but not decoupled second order equations can also be de-
rived for φ1 and φ2.
(D∆− δδ¯)φ1 +D(νφ0) = 0 (44)
(∆D − δ¯δ)φ2 − νDφ1 + δ¯(νφ0) = 0 (45)
Using (25), (43) takes the form
(
∂2
∂u∂v
−H ∂
2
∂v2
− 1
2
∂2
∂x2
− 1
2
∂2
∂y2
)
φ0 = 0 (46)
(46) is the decoupled differential equation or the Maxwell scalar φ0 in pp-
wave background. We see that it is identical with the decoupled equation
for η in the Proca case as we let µ = 0. Let us consider the sandwich wave
example of the previous section and impose separation of variables in the form
φ0 = e
ikvU(u)X(x)Y (y). (46) takes the form
ik
(U
′
)
U
+ k2x2 − 1
2
X
′′
X
− k2y2 − 1
2
Y
′′
Y
= 0 (47)
The separated equations for the functions U,X, Y are given by
ikU
′ − λuU = 0 (48)
X
′′ − 2(k2x2 + λx)X = 0 (49)
Y
′′
+ 2(k2y2 + λy)Y = 0 (50)
The functions have the form (31) with µ = 0.
4 Dirac fields
We start with Dirac equation which couples two fermion fields via
∇AA′PA + iµQ¯A′ = 0
∇AA′QA + iµP¯A′ = 0 (51)
In NP formalism, Dirac’s equations (51) can explicitly be written in the form:
(D + ǫ− ρ)P 0 + (δ¯ + π − α)P 1 = iµQ¯1˙ (52)
(∆+ µ− γ)P 1 + (δ − τ + β)P 0 = −iµQ¯0˙ (53)
(D + ǫ¯− ρ¯)Q¯0˙ + (δ + π¯ − α¯)Q¯1˙ = −iµP 1 (54)
(∆+ µ¯− γ¯)Q¯1˙ + (δ¯ + β¯ − τ¯)Q¯0˙ = iµP 0 (55)
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where P 0,Q0 and P 1,Q1 are components of PA,QA along the spinor dyad
basis oA and ιA respectively. In pp-wave background the explicit forms of
Dirac equations reduce to
DP 0 + δ¯P 1 = iµQ¯1˙ (56)
∆P 1 + δP 0 = −iµQ¯0˙ (57)
DQ¯0˙ + δQ¯1˙ = −iµP 1 (58)
∆Q¯1˙ + δ¯Q¯0˙ = iµP 0 (59)
Since the only non-vanishing commutator is (δ∆−∆δ) = −ν¯D we can elimi-
nate P 0 from (56) and (57)
(D∆− δδ¯)P 1 = −iµ(DQ¯0˙ + δQ¯1˙) = −µ2P 1
⇒ (D∆− δδ¯ + µ2)P 1 = 0 (60)
Similarly one can derive a decoupled equation for Q¯1˙.
(D∆− δ¯δ + µ2)Q¯1˙ = 0 (61)
The equations for P 0 and Q¯0˙ can not be decoupled.
(∆D − δ¯δ + µ2)P 0 + νDP 1 = 0 (62)
(∆D − δδ¯ + µ2)Q¯0˙ + ν¯DQ¯1˙ = 0 (63)
The decoupled equations for P 1 and Q¯1˙ have exactly the same form as (26),
while they reduce to (46) for massless Dirac fields. The arguments for separa-
tion of variables for Proca and Maxwell fields directly apply to this case.
5 Summary and conclusions
In this work we represented the Proca vector by one complex and two real
scalars. We showed that a decoupled equation can be derived for one of the
real scalars if and only if the background space-time contains a covariantly
constant null vector; thus it must be a pp-wave. We derived the explicit form
of the decoupled equation in vacuum pp-wave metric and applied separation of
variables for a simple example of a sandwich wave. We proceeded with Maxwell
and Dirac fields in pp-wave background and derived decoupled equations for
Maxwell scalar φ0 and components in dyad legs P
1 and Q¯1˙. We showed that
the decoupled equations in pp-wave background have the same form and the
arguments for separation of variables can be directly applied.
Note that there could be different decompositions of the Proca vector into
degrees of freedom, some of which could satisfy decoupled equations in a wider
class of space-times, hence our analysis in the NP formalism does not exclude
all decouplings in space-times other than pp-waves. On the other hand, the
NP-formalism is well-motivated by the correspondence between the structure
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of matter/interaction fields and the structure of spacetime, i.e. spinors forming
the most general representations of the Lorentz group and null vectors forming
light cones; hence the associated decomposition should be regarded as very
natural in some sense, therefore the result about decoupling and separability
should also be regarded relevant.
Acknowledgements This work is supported by Bog˘azic¸i University Research Fund, by
grant number 7981.
Appendix
The Proca equation is
[(nbD + lb∆− m¯bδ −mbδ¯)(nbD + lb∆− m¯bδ −mbδ¯) +m2]Aa = 0 (64)
If the background space-time admits a covariantly constant null vector, it takes
the form ( using (3) and (13))
{[D∆+∆D− δδ¯− δ¯δ+(µ+ µ¯)D+(2α−π)δ+(2α¯− π¯)δ¯]+m2}Aa = 0 (65)
Multiplying from the left with ma we get
ma∇b∇bAa = (−D∆−∆D + δδ¯ + δ¯δ)ζ
+D(2γζ) +∆(2ǫζ)− δ(2αζ) + δ¯(2α¯ζ)
{[2γ − (µ+ µ¯)]D + 2ǫ∆− [2α+ (2α− π)]δ + π¯δ¯
−8γǫ− 8αα¯+ 2ǫ(µ+ µ¯) + 2α¯π − 2απ¯}ζ
−D(ν¯η)−∆(π¯η) + δ(µ¯η) + δ¯(λ¯η + {−π¯∆− ν¯D + λ¯δ¯ + µ¯δ
+2ǫν¯ + 2γπ¯ − 4αλ¯+ 2π¯µ¯+ πλ¯− π¯µ}η −m2ζ = 0 (66)
The equation m¯a(∇b∇b+m2)Aa = 0 is the complex conjugate of (66). Let us
evaluate na(∇b∇b +m2)Aa = 0
na∇b∇bAa = {(D∆+∆D − δδ¯ − δ¯δ) + [µD + (2α− π)δ + c.c.]}ξ
+{[D(ν) + 2νD +∆(π) + 2π∆− δ(ζ) − 2λδ − δ¯(µ)− 2µδ¯]ζ + c.c.}
+[(2ǫν¯ − 2γπ + 4αµ+ µ¯π − π¯λ)ζ + c.c.]
+2(π¯ν + ν¯π − µµ¯− λλ¯)η +m2ξ = 0 (67)
These equations will take the form (22) and (23) in a pp-wave space-time. In
a generic space-time the equation na(∇b∇b +m2)Aa = 0 takes the form:
{(D∆+∆D − δδ¯ − δ¯δ) + [(γ + γ¯) + (µ+ µ¯)]D + [3(ǫ+ ǫ¯)− (ρ+ ρ¯)]∆}ξ
{[τ¯ − π − (α+ 3β¯)]δ + c.c}ξ
{D(γ + γ¯) +∆(ǫ+ ǫ¯)− [δ(α+ β¯) + c.c]}ξ
{(ǫ+ ǫ¯)[2(γ + γ¯) + (µ+ µ¯)] + [(α+ β¯)(τ − π¯ − 2β) + c.c]
+(ρµ+ σλ− τπ − κν + c.c)− (ρ+ ρ¯)(γ + γ¯) + m2}ξ
12 Koray Du¨ztas¸, I˙brahim Semiz
{[ν(3ǫ¯+ ǫ− ρ− ρ¯)µ(α− 3β¯ + τ¯ ) + λ(τ − π¯ − α¯− β) + π(2γ¯ + µ¯)
+D(ν) +∆(π) − δ(λ)− δ¯µ]ζ + c.c}
+2[(νπ¯ + ν¯π)− (µµ¯+ λλ¯)]η = 0 (68)
The equation (68) couples ξ, η, ζ and ζ¯. If the space-time satisfies λ = ν = π =
µ = 0, it reduces to a decoupled equation for ξ as suggested by proposition
(1). If we further impose (ǫ+ ǫ¯) = (γ+ γ¯) = (α¯+β) = 0 (so that α+3β¯ = −2α
), (68) reduces to (15).
Let us also review the form of la(∇b∇b+m2)Aa = 0 in a generic space-time.
{(D∆+∆D − δδ¯ − δ¯δ) + [−3(γ + γ¯) + (µ+ µ¯)]D + [−(ǫ+ ǫ¯) + (ρ+ ρ¯)]∆}η
{[τ¯ − π + (3α+ β¯)]δ + c.c}η
{−D(γ + γ¯)−∆(ǫ+ ǫ¯) + [δ(α+ β¯) + c.c]}η
{(ǫ+ ǫ¯)[2(γ + γ¯)− (µ+ µ¯)] + [(α+ β¯)(π¯ − τ − 2α¯) + c.c]
+(ρµ+ σλ− τπ − κν + c.c) + (ρ+ ρ¯)(γ + γ¯) + m2}η
{[κ¯(3γ + γ¯ − µ− µ¯) + ρ¯(β¯ − 3α+ π) + σ¯(π¯ − τ − α− β¯) + τ¯(ρ− 2ǫ¯)
−D(τ¯)−∆(κ¯) + δ(σ¯) + δ¯(ρ¯)]ζ + c.c}
+2[(κτ¯ + κ¯τ) − (ρρ¯+ σσ¯)]ξ = 0 (69)
Similarly, the equation (69) couples ξ, η, ζ and ζ¯. If the space-time satisfies
κ = τ = ρ = σ = 0, it reduces to a decoupled equation for η as suggested by
proposition (1). If we further impose (ǫ+ ǫ¯) = (γ + γ¯) = (α¯+ β) = 0 (so that
3α+ β¯ = 2α ), (69) reduces to (14).
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